The basic properties of multiplication algebras of nonassociative algebras over rings are introduced, including a discussion of multiplication algebras of tensor products of algebras. A characterization of semisimple artinian multiplication algebras is given along with a discussion of the nature of the simple factors of a multiplication algebra modulo its Jacobson radical. A criterion distinguishing the multiplication algebras of certain associative algebras is proved. Examples are included to illustrate certain proved results.
A/JA = SY\ N with S isomorphic to a product of simple algebras and N null; the radical of A is JA + q~l(N), where q: A -» A/JA is the quotient homomorphism.
Müller [7] used the notion of separability for associative algebras over commutative rings to define separability for arbitrary algebras finitely generated and projective as modules over commutative rings.
(1.3) Theorem (Müller) .
The multiplication algebra of a separable associative algebra is again separable.
Röhrl [8] , Wisbauer [9] and Finston [4] have made extensive use of the multiplication algebra in their investigations of general nonassociative algebras. Farrand [2] studied the multiplication algebra in terms of its module action (see §11 below).
In this note, we begin a systematic study of multiplication algebras with the eventual goal of characterizing their structure. The main results we obtain are a characterization of all finite dimensional semisimple multiplication algebras, and a condition necessary for an associative algebra to be the multiplication algebra of an associative algebra. Examples are given to show that not all multiplication algebras arise as multiplication algebras of associative algebras.
II. Preliminary notions. The R algebra A has the structure of a left Jt(A) module whose submodules are exactly the two sided ideals of A. For an ideal I oí A, We will call an R algebra simple if its only proper ideal is the zero ideal. Note that with this definition, a one dimensional algebra in which all products are 0 (i.e. a null algebra) is simple.
If A is an algebra over the commutative ring 5 and R is a subring of S, then A carries the structure of an R algebra. Clearly, Jt£(A) = Jt%(A); however, JtS(A)
= JtR(A) if and only if S is a subring of JtR(A).
An important instance of the above occurs when the centroid Z(A), defined by Z(A) = End^(A)(A), is commutative; in this case A has the structure of a Z(A) algebra, and R c Z(A). Example 1 of §IV shows that Jt7(A)(A) need not equal JtR(A) even when Z(A) is commutative. The next lemma and its corollary are well known (e.g. Herstein [5] , p. 46), although the formulation as been modified slightly. Similarly, T\p(ab) = t\}/ ° Xab = r(a)\p(b) = \¡n(ab) by the previous computation. D
The centroid of any unital or simple algebra is thus commutative, as is the centroid of any algebra A satisfying A2 = A, or Jt*(A) = Jt(A) (since A2 = Jt*(A)A). ( 
2.3) Corollary.
If A is a simple R algebra, then Z(A) is a commutative field.
Proof. Use Lemma 2.2 and Schur's lemma. □ Formation of the multiplication algebra is not a functor on R algebras, as the following example shows. Consider C, the field of complex numbers, and H, the algebra of real quaternions as algebras over R, the field of real numbers. Embed C -» H via a + bi -> a + bi, where i2 = -1 and 1, i, j, k is the usual basis for H. Since X, -Pi doesn't vanish on H, there is no natural extension of the embedding C -» H to a homomorphism JtR(C) -^ Jt R(H). Nevertheless, the multiplication algebra does respect certain constructions and homomorphisms. .7) is that certain algebras cannot arise as multiplication algebras. Indeed, the inspiration for that result was a question posed by McCrimmon and Dorfmeister as to whether a divison algebra could arise as the multiplication algebra of a finite dimensional algebra. In this section, we investigate the interplay between the properties of a finite dimensional algebra and the simple factors of its multiplication algebra modulo the Jacobson radical. We begin with a second proof, due to Lance Small (personal communication), that noncommutative division rings do not occur as multiplication algebras. His argument has no dimensionality constraint.
(3.1) Theorem.
// a divison ring is a multiplication algebra, then it must be commutative.
Proof. Assume D is a divison ring isomorphic to Jt(A). Then for any a g A, Xa -pa is either identically zero or invertible. However, a is in the kernel of Xa -pa, so that A is commutative. Since all tensor products are over K, we will suppose the subscript in the remainder of the proof.
The separability assumption on S implies that S ® Sop is semisimple. In particular, S ® Sop has a unit element, so that ê is surjective. Write S = n|_i Rr where the Ä, are simple separable K algebras; we may assume t > 1.
There is a composition series of ideals of A, The results in this note have the common theme of investigating a multiplication algebra through its simple factors modulo the Jacobson radical. One issue which remains to be addressed to the way the radical can lie inside a multiplication algebra.
Let U be a finite dimensional unital associative algebra over the algebraically closed field K with Wedderburn decomposition U = S © J. Assume now that U is embedded unitally as a subalgebra of Jtd(k) so that V = Kd has the structure of a left U module. If All other products are zero. The crucial ingredients in (4.6) missing from (4.5) are sufficient nonzero products to pick up either idempotent or
